In [4] , the category C (k) of four-dimensional unital division algebras, whose right nucleus is non-trivial and whose automorphism group contains Klein's four group V , is studied over a general ground field k with char k = 2. In particular, the objects in C (k) are exhaustively constructed from parameters in k 3 and explicit isomorphism conditions for the constructed objects are found in terms of these parameters.
Background and setup
In this paper, an algebra over a field k, or more briefly, a k-algebra, is a k-vector space A equipped with a bilinear multiplication map, written by juxtaposition as (a, b) → ab for a, b ∈ A. Note that we do not require A to be associative. A kalgebra A is said to be a division algebra if A = {0} and the linear endomorphisms x → ax and x → xa of A are bijective for all a ∈ A \ {0}.
Given a category C such that the collection of isoclasses of C forms a set, an interesting problem is to classify C . In this paper, a classification of C is understood to be an explicitly given transversal of the isoclasses of C , that is, an explicitly given exhaustive and irredundant set of representatives. A challenging problem, open in most cases, is trying to classify categories of division algebras; for classifications of particular categories of division algebras, see e.g. [1] , [2] , [3] .
Let k be a field and let V be Klein's four group. Let C (k) be the category of four-dimensional unital division k-algebras A such that V ⊂ Aut k (A) and the right nucleus of A, is non-trivial, meaning k N. The morphisms in C (k) are the non-zero algebra morphisms. These are injective due to the division property, hence bijective, as they are endomorphisms of a finite-dimensional vector space. It follows that C (k) is a groupoid, i.e. a category in which all morphisms are isomorphisms. Note that V ⊂ Aut k (A) gives A the structure of a kV -module.
For a given field k, let Q(k) denote the category of all field extensions k ⊂ ℓ with [ℓ : k] = 2, in which morphisms are the k-linear field morphisms. Hereafter a field k with char k = 2 and ℓ ∈ Q(k) are fixed. Let x denote the Galois conjugate of x ∈ ℓ and let n ℓ/k (x) = xx be the norm of the field extension k ⊂ ℓ.
For c := (c 1 , c 2 , c 3 ) ∈ k 3 and x, y ∈ ℓ let
and construct the four-dimensional k-algebra A(ℓ, c) by A(ℓ, c) = ℓ 2 as a vector space over k and multiplication given by
for x, y, z, w ∈ ℓ, where the right hand side of (2) is ordinary multiplication of ℓ-matrices. For the remainder of this paper, every occurrence of the word "construction" refers to the above construction of A(ℓ, c).
) is a division algebra} and call C ℓ the set of admissible triples. Equivalently, c is admissible if and only if det M ℓ,c (x, y) = 0 for all (x, y) ∈ ℓ 2 \ {(0, 0)}. For γ ∈ Aut k (A) and λ ∈ k, let E λ (γ) = {x ∈ A | γ(x) = λx}. As in [4] , let 
where K ℓ (k), S ℓ (k), N ℓ (k) will be called local subcategories and are defined as intersections of C ℓ (k) with the corresponding categories
Given a ring R and S ⊂ R set S * = S \ {0} and S sq = {s 2 | s ∈ S}. Given a group G with identity e we set G 
Part (i) of Proposition 1.1 is an isomorphism condition of algebras constructed from admissible triples. Parts (ii), (iii) of the proposition provide reductions of the local classification problems in C (k) concerning fields and skew fields to finding transversals of punctured quotient groups of k.
In [4, Section 5] the category C (k) is classified in the case of k being a finite field of odd order or k an ordered field with k sq = k ≥0 . In this paper the case k = Q is discussed.
On the classification of C (Q)
In this section we investigate the category C (Q) by studying the local parts of the covering (3). In Section 2.1 the object of study is K (Q) and in Proposition 2.1 we classify K (ℓ/Q) for each ℓ in a classifying list L (to be specified below) of Q(Q). The classifications are found by explicitly presenting transversals as in Proposition 1.1 (ii).
In Section 2.2 we study S (Q) and we construct an exhaustive list of (Q * /n ℓ/Q (Q * ))
• for each ℓ ∈ L . We provide a method for reducing the exhaustive list to a transversal and we hence approach a classification of S ℓ (Q) in view of Proposition 1.1 (iii). In Proposition 2.3 we classify S ℓ (Q) in the special case ℓ = Q(i). The results in this section rely on classic number theoretic theorems dating back to Fermat and Legendre. In Section 2.3 we study N (Q) and present for each ℓ ∈ L an irredundant twoparameter familyP (ℓ) ⊂ C ℓ of admissible triples such that A(ℓ, c) ∈ N ℓ (k) for each c ∈P (ℓ). In the special case ℓ = Q(i) we enlarge the two-parameter family to an irredundant four-parameter family.
Notation: Besides the notation introduced just before Proposition 1.1 we also set N = Z ≥0 and define N 2 = N sq +N sq , Q 2 = Q sq +Q sq , i.e. the natural and rational numbers expressible as a sum of two squares, respectively. Let P ⊂ N denote the set of prime numbers and let P 1 , P 3 denote the subsets of prime numbers ≡ 1, 3 (mod 4) respectively. Let m p (n) = max{k ∈ N : p k | n} for p ∈ P, n ∈ Z \ {0}. In addition, we adopt the convention that m p (0) = ∞ for every p ∈ P.
Let Z = {n ∈ Z | m p (n) ≤ 1 for all p ∈ P} \ {1} so that Z is the set of all square-free integers except 1. Then, Z is a transversal of (Q * /Q * sq )
• and the list
On K (Q)
For each ℓ ∈ L , transversals S(ℓ) as in Proposition 1.1 (ii) are given as follows.
• . Suppose that w, w ′ ∈ S(ℓ) and π(w) = π(w ′ ). Then, as w, w ′ have the same sign we have w w ′ ∈ Q * sq so there are integers r, s with gcd(r, s) = 1 such that s 2 w = r 2 w ′ . Take p ∈ P such that p | w. Then p | r 2 w ′ and if p | r we get p 2 | s 2 w and since w is square-free we get p | s, contradiction to gcd(r, s) = 1. Thus p | w ′ and by symmetry we get
(ii): Suppose now z = −1 and take q ∈ Q * with π(q) = π(z). As above, find w ∈ Z \ {z} with π(q) = π(w) and write w = dw
= |z| so that |z| is an integer, contradiction to z being a square-free integer different from ±1. Then,
• . To prove irredundance of S(ℓ), take w 1 , w 2 ∈ S(ℓ) and suppose that π(w 1 ) = π(w 2 ). Then, either
Suppose first that 
is the square of an integer, and as
, d 2 are both square-free we must have ±
Remark. By Proposition 1.1 (ii) we arrive, for each ℓ ∈ L , at a classification of the category K ℓ (Q), which consists of all 4-dimensional Galois extensions of Q with Galois group V that contain ℓ as a subfield.
On S (Q)
Given a field ℓ = Q( √ z) ∈ L we attempt to find a transversal T (ℓ) as in Proposition
• and in order to present this set explicitly we have the following result. Proof. We have that w ∈ n ℓ/Q (ℓ * ) if and only if there exists (a, b) ∈ Q 2 \ {(0, 0)} such that w = a 2 − zb 2 . We claim that the following are equivalent:
(ii) There exists (a, b, c) ∈ Z 3 \ {(0, 0, 0)} such that a 2 − wb 2 − zc 2 = 0.
Indeed, suppose (a, b) satisfies (i). If a = 0 then z w ∈ Q sq then it is immediate that (ii) holds. Otherwise, write b = Remark. Proposition 2.2 allows us to present explicitly the set Z \ n ℓ/Q (ℓ * ) which exhausts (Q * /n ℓ/Q (ℓ * ))
• . However, in order to get a transversal as in Proposition 1.1 (iii) we need an exhausting set which also is irredundant.
Take w, w ′ ∈ Z \n ℓ/Q (ℓ * ). Then, w, w ′ represent the same coset in (Q * /n ℓ/Q (ℓ * ))
• and only if w w ′ ∈ n ℓ/Q (ℓ * ) which holds if and only if
2 ∈ Z and we can use Proposition 2.2 to answer the question whether
. Thus, we can use Proposition 2.2 in order to successively discard elements of Z \ n ℓ/Q (ℓ * ) that prevent irredundance, hence we have an "infinite method" of reducing Z \ n ℓ/Q (ℓ * ) to a transversal of (Q * /n ℓ/Q (ℓ * ))
• . However, more work is required in order to present these transversals explicitly.
We now consider a special case, in which we can explicitly present a transversal of (Q * /n ℓ/Q (ℓ * ))
• .
Proposition 2.3. Let ℓ = Q(i) and define
Proof. In the present case, n ℓ/Q (ℓ ∈ Q 2 if and only if ab ∈ N 2 . This characterization is a straightforward consequence of Fermat's characterization of elements of N 2 : Given n ∈ Z >0 we have n ∈ N 2 if and only if m p (n) is even for all p ∈ P 3 (cf. [5, Theorem 2.15]).
Take q ∈ Q * such that π(q) is not the identity in Q * /Q * 2 . Since Q * sq ⊂ Q * 2 there is z ∈ Z such that π(q) = π(z) and since p ∈ N 2 ⊂ Q 2 for each p ∈ P 1 can even take z ∈ T (ℓ). Thus T (ℓ) exhausts Q * /Q * 2 . Take now z, z ′ ∈ T (ℓ) and suppose π(z) = π(z ′ ). Then,
′ are square-free integers only divisible by primes in P 3 we must have z = z ′ and T (ℓ) is a transversal of Q * /Q * 2 as desired. Remark. By [4, Corollary 4.6] S ℓ (Q) coincides with the category of all four-dimensional Hurwitz division algebras over Q that contain ℓ as a subfield and QV -submodule. Four dimensional Hurwitz algebras are also known as four-dimensional unital composition algebras or quaternion algebras. Proposition 2.3 yields a classification of the four-dimensional rational Hurwitz algebras that admit Q(i) as a subfield and QV -submodule.
On N (Q)
In this section we produce families of algebras in N ℓ (Q) for each ℓ ∈ L by producing families of admissible triples to which the construction from Section 1 is applied. Considering the definition of C ℓ , equations (1), (2), and ℓ = Q( √ z), we have for general c ∈ Q 3 that c ∈ C ℓ if and only if the system
admits the trivial solution (x 1 , x 2 , y 1 , y 2 ) ∈ Q 4 only. Since this system is homogeneous, the existence of a non-trivial rational solution is equivalent to the existence of a primitive integral solution.
In the following proposition we produce three-parameter families of triples in C ℓ by choosing c so that the right hand side of the first equation in (4) is always non-negative. Proposition 2.4. Take z ∈ Z and set ℓ = Q( √ z).
ensures that z(1−2c 1 ) > 0. From c 3 > c 2 we get z(c 3 −c 2 ) > 0 and from c 3 < −c 2 we get c 2 + c 3 < 0 and hence −(c 2 + c 3 ) > 0 so the right hand side of the first equation of (4) is non-negative for each (x 1 , x 2 , y 1 , y 2 ) ∈ Q 4 and hence (4) only admits the trivial solution, implying (c 1 , c 2 , c 3 ) ∈ C ℓ . Similar verifications yield (ii).
In the following corollary we extract from each three-parameter family P (ℓ) of the previous proposition a two-parameter irredundant subfamilyP (ℓ) ⊂ P (ℓ).
Corollary 2.5. Take z ∈ Z, set ℓ = Q( √ z) and let S(ℓ) ⊂ Q * be as in Proposition 2.1, P (ℓ) as in Proposition 2.4.
Proof. This corollary is straightforward consequence of Proposition 1.1 (i), the definition of P (ℓ) and the fact that S(ℓ) is a transversal of (Q * /(Q * ∩ ℓ sq ))
• . We now show how further families of triples in C ℓ can be found for particular ℓ by choosing c such that various number theoretic obstructions guarantee that the system (4) only admits the trivial solution.
Remark. Given
Proposition 2.6. Take z ∈ Z such that m p (z) > 0 for some p ∈ P 3 , and fix such
Proof. Suppose c is as above and, towards a contradiction, that (4) admits a primitive integral solution (x 1 , x 2 , y 1 , y 2 ). Considering the first equation of (4) modulo p we get x 2 1 + y 2 2 ≡ 0 (mod p). Since p ∈ P 3 we get, by [5, Lemma 2.14] that p | x 1 , x 2 . Thus,
. By assumptions on c 1 , c 2 , c 3 we get y 2 2 + x 2 2 ≡ 0 (mod p) so p | x 2 , y 2 , contradiction to (x 1 , x 2 , y 1 , y 2 ) being a primitive solution of (4).
Remark. Note that, for the same reason as stated in the remark after Corollary 2.5, for all triples c produced in Proposition 2.6 we have A(ℓ, c) ∈ N ℓ (Q).
In the remaining part of this section we investigate the case ℓ = Q(i) further. , 0, −1 q ∈ Q >0 \ Q 2 satisfies P 1 (Q(i)) ⊂ C Q(i) and is irredundant.
(ii) The one-parameter family P 2 (Q(i)) := {(1, n, 0) | n ∈ Z <0 such that there exists p ∈ P 3 with m p (n) = 1} satisfies P 2 (Q(i)) ⊂ C Q(i) and is irredundant. 2 ) is even, contradiction, and we conclude that P 2 (Q(i)) ⊂ C Q(i) .
For irredundance, we note that the middle component runs through a subset of the transversal S(Q(i)) of (Q * /(Q * sq ∩ Q * ))
• given in Proposition 2.1.
Considering the first components of elements inP (Q(i)), P 1 (Q(i)) and P 2 (Q(i)) (the families obtained in Corollary 2.5 and Proposition 2.7) we conclude with Proposition 1.1 thatP (Q(i)) ∪ P 1 (Q(i)) and P 1 (Q(i)) ∪ P 2 (Q(i)) are irredundant subsets of C Q(i) . Since the third component of a given element in P 2 (Q(i)) is 0 and the third component of a given element inP (Q(i)) is non-zero we conclude with Proposition 1.1 thatP (Q(i)) ∪ P 2 (Q(i)) is irredundant and hence the family defined by F (Q(i)) =P (Q(i)) ∪ P 1 (Q(i)) ∪ P 2 (Q(i)) is an irredundant four-parameter family of admissible triples in C Q(i) . Furthermore, A(Q(i), c) ∈ N Q(i) (Q) for each c ∈ F (Q(i)).
In this section, we studied N (Q) locally, i.e. via the components of its covering by local subcategories in (3) indexed by L . For each field ℓ ∈ L we studied the system (4) with the production of admissible triples c ∈ C ℓ such that A(ℓ, c) ∈ N (ℓ/Q) in mind. The nature of Q gives rise to two complexities: since |L | = ∞ there is an abundance of local subcategories to consider and since Q is far from being algebraically closed, there should be many possibilites of c such that (4) only admits the trivial solution. By varied approaches from elementary number theory we produced parametrized families of triples c ∈ C ℓ such that A(ℓ, c) ∈ N ℓ (Q) for each ℓ, establishing richness of N ℓ (Q), but a classification of N ℓ (Q) seems distant.
